In this paper we give a new estimation of some zeta functions on the line σ = 1. More Exactly, we show ζ (m) (1 + it) = O(log ǫ t) and 1/ζ(1 + it) = O(log ǫ t) for an arbitrary positive number ǫ > 0.
Introduction
Let s = σ + it be a complex variable. The Riemann zeta function is defined by the Dirichlet series
This series is absolutely convergent and analytic for σ > 1. The analytic theory of ζ (s) assures that ζ (s) is analytically continued to the whole plane, and regular for all s except for the simple pole at s = 1. It is known that ζ (s) has no zeros in the half-plane σ < 0 except at s = −2, −4, . . ., which are called the trivial zeros. Added to this, it is also known that there is no zeros in the right half-plane σ > 1. As for the zeros of ζ (s), there is the celebrated conjecture, the Riemann hypothesis. It states that all zeros of ζ (s) other than the trivial zeros are on the line σ = It is well-known that, by assuming the Riemann hypothesis, many significant facts could be obtain. Among such facts derived from the Riemann hypothesis, there are also some properties about the estimation of the values of ζ (s) itself. For example, we could have
by assuming the Riemann hypothesis([2, Theorem 14.8 and Theorem 14.5]). It seems to be, however, quite hard to obtain the above result without assuming the Riemann hypothesis. As for the estimation ζ (1+it) = O(log log t), for example, one of the known best estimation is
(see [1, Theorem 6 .3]).
In this paper, we shall give a new estimation of the values of ζ (1 + it), the derivatives ζ (m) (1+it) and the reciprocal 1/ζ (1+it) without assuming the Riemann hypothesis.
The main result in this paper is the following theorem. Our method to show this theorem is somewhat indirect. The key is the following. Theorem 1.2 (Theorem 2.1). Let f (s) be a function which is regular in the upper half-plane t > 0. Suppose that f (s) satisfies
for some non-negative integer M > 0. Then, for an arbitrary positive number ǫ > 0, the followings are equivalent :
(2) For each positive integer k = 1, 2, . . .,
Finally, as a corollary of the estimation of 1/ζ (1 + it), we give an estimation of ζ ′ (1 + it)/ζ (1 + it) : Theorem 1.3 (Theorem 4.2). For an arbitrary positive number ǫ > 0, we have
= O(log ǫ t).
A Criterion
In this section we shall give a certain criterion, which translates the problem of fuctions into the problem of their high-power moments.
Theorem 2.1 (cf. Theorem 13.2 of [2]
). Let f (s) be a function which is regular in the upper half-plane t > 0. Suppose that f (s) satisfies
There are some examples of the above function f (s).
Example 2.2. From [2, see 3.5], we know
for sufficiently large t and some constant E.
In particular, letting m = 0, we have the Riemann zeta function. In this case, from [2, (3.5.5)], we also know
Example 2.3. We can also take 1/ζ (s) as an example of f (s). Indeed, from [2, (3.5.5)] and [2, (3.6.5)], we know ζ ′ (1 +it) = O(log 2 t) and 1/ζ (1 +it) = O(log 7 t). Thus we have 1
We need some lemma.
Lemma 2.4. For sufficiently large α, β, we have :
Lemma 2.5. For sufficiently large α, β, we have :
where A is a constant.
The proofs of the above lemma are elementary.
Proof of Theorem 2.1. (1) ⇒ (2) is obvious.
In order to show (2) ⇒ (1), suppose that f (1 + it) is not O(log ǫ t). Then there exists λ > 0 and a sequence of complex numbers 1 + it ν , such that t ν → ∞ as ν → ∞, and
On the other hand, from the assumption, we know
ν and ν is sufficiently large. Hence
for sufficiently large k such that log k t ν > t 2 ν . This contradicts the assumption.
the Derivatives of the Riemann Zeta Function
In this section we shall give a new estimation of the value of the derivatives of the Riemann zeta function on the line σ = 1. Note that our result can be obtained without assuming the Riemann hypothesis.
The goal of this section is the following theorem :
Theorem 3.1. Let ǫ > 0 be an arbitrary positive number. Then we have
for an arbitrary non-negative integer m.
The theorem is an immediate consequence of Theorem 2.1 and the following lemma. 
t).
Let Z be the summation part of the above. Then we may write
Then,
Hence we have
we have
As in the proof of [2, Theorem 7.5], we can conclude
Here note that the summation part in the above is the value of the mk-th derivative of the Dirichlet series
n s at s = 2, which converges absolutely and uniformly in the region σ > 1.
As for the second sum, we can also show in the same manner as in the proof of [2, Theorem 7.5]:
Thus we obtain
The rest terms in |ζ (m) (1 + it)| 2k are of the form
Then we have
This completes the proof of the lemma.
The Reciprocal of the Riemann Zeta Function
In this section we shall give a new estimation of 1/ζ (1 + it) without assuming the Riemann hypothesis. That is, we shall prove the following theorem. = O(log ǫ t).
As a corollary of the theorem, we have the following estimation of ζ ′ (1 + it)/ζ (1 + it). It is also proved without assuming the Riemann hypothesis. 
Proof. From the previous section, we know that ζ ′ (1 +it) = O(log ǫ t). Combining this and Theorem 4.1, we have the theorem.
Proof of Theorem 4.1. The theorem is a direct consequence of Theorem 2.1 and the following lemma. Proof. From the arguments in [2, 3.13], we have
where µ(n) is the Möbius function. Let Z be the summation part of the above. Then we may write
Since | µ(n)| ≤ 1, as in the proof of [2, Theorem 7.5], we can conclude (the first sum) = O T d k (n) 2 n 2 = TO(1).
As for the second sum, we can also show in the same manner as in the proof of [2, Theorem 7.5]: This completes the proof of the lemma.
